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J. Phys. A :  Gen. Phys., Vol. 5, February 1972. Printed in Great Britain 

An expansion of two particle harmonic oscillator 
wavefunction products 

E DOMANY 
Nuclear Research Centre-Negev, PO Box 9001, Beer-Sheva, Israel 

MS received 15 March 1971, in final revised form 12 August 1971 

Abstract. Second quantization is used to expand the product of two harmonic oscillator 
wavefunctions, of two different particles, centred on different sites, in terms of relative and 
centre of mass coordinate dependent functions. 

1. Introduction 

The expansion of a two particle wavefunction in terms of relative and centre of mass 
coordinates has been treated by numerous authors (Talmi 1952, Moshinsky 1959, Brody 
and Moshinsky 1960, Baranger and Davies 1966). These expansions treat two body, 
angular momentum coupled harmonic oscillator wavefunctions, with a common 
centre, in spherical coordinates. We are interested in deriving such an expansion for a 
product of two harmonic oscillator wavefunctions, expressed in rectangular coordinates, 
and centred on different sites. 

Such an expansion can be useful for the evaluation of matrix elements of a two-body 
interaction between two atoms located on different lattice sites in a crystal (Frohberg 
1967, Horner 1970). 

In this paper second quantization operators are used, instead of the analytical 
methods applied in the derivations that deal with spherical oscillator wavefunctions. 

Recently Katriel and Adam used second quantization operators for the derivation 
of harmonic oscillator overlap integrals (Katriel and Adam 1969). 

For the sake of simplicity we use one dimensional wavefunctions. Generalization to 
three dimensions, as long as we use rectangular coordinates, is trivial. 

In $§ 2 and 3 we treat particles with identical masses in two different oscillator wells, 
with identical force constants. Generalization to different masses and force constants 
is given in 0 4. 

2. Definitions 

Denote by x1 and x2 the coordinates, and by P, and P2 the momenta of the two particles. 
The relative and centre of mass coordinates will be, respectively 

r = x, -x2  R = &xl +x2)  
with the conjugate momenta 

p, = w1 -PJ PR = P , + P z .  
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We define the usual harmonic oscillator annihilation operators. For the two particles, 
assuming equal masses and force constants 

we get the commutation relations 

[ U i , U j ]  = 0 [a, ,afI  = &,,. 
We define 

b = ( % ] ' l 2  [r+%] 
Mrw 

( 5 )  

where B +  and b+ create oscillator states for the coordinates r and R. with masses M ,  
and M , ,  respectively. We then substitute r,  P, and R,  PR from (1) and (2 )  into (5) and (6) 
and express x j ,  Pj by means of a j  and uf .  

Choosing M ,  = 3M and MR = 2M we get 

1 
b = --(U1 - U 2 )  

B = -(a,+a 2 )  

J2 

J2 
I 

(7)  

We can easily show, that the commutation relations of the new operators are 
similar to those of the a , .  a 2 .  If we define x = ( M ~ o / h ) ' ' ~ ,  the states generated by 
U ,  . u 2  are a t  

and those generated by b+ and B +  will be 

with 

and one can easily show that 

100) = 100). 

3. The derivation of the expansion 

Our aim is to obtain an expansion of the product 4,JaxI)4,,,{a(x2 + K ) : .  We shall first 
obtain the expansion for two particles centred on the same site, namely of the product 
(p,(axl ) c#~~(ax~) ,  and afterwards apply a translation. 
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Using the adjoints of equations (7) and (8), and the fact that b +  and B +  commute, 
one can employ the binomial expansion for (a:,. and (a:)" 

Substituting (12), (14) and (15) into (13) we obtain 

After some manipulation with the coefficients we get 

4n(axl )+m(ax2)  = 2-(m+n)12Cmn 5 D Y J 4 i + l J 2 a R )  
j = o  i = o  

where (1 1) was used for a, and aR , and the coefficients C"" and DYJ have the form 

In order to obtain the expansion of q 5 , , ( a ~ , ) 4 ~ ( a ( x ~ +  K ) )  we apply a translation by 
K on x 2 .  This induces a translation of the coordinate r by - K ,  and the coordinate R 
by 3K. We finally obtain 

n m  
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4. Generalization to oscillators With Merent masses and frequencies 

We shall carry on the procedure of the previous sections, step by step. 
We denote 

where Mi are the masses and oi/2n the frequencies of the two oscillatorsf 
We define the new coordinates and momenta by 

r = x l -x2  

“2Pl -21p2 
E l  +a,  

P, = 

The following commutation 

PI< = P, + P2 

relation will hold : 

(21 ) 

( 2 2 )  

[ T ,  Pr] = [R,  PR] = ih [ T ,  P,] = [R,  P,] = 0. ( 2 3 )  

We also define a ,  and a 2  in the same manner as in (3 ) ,  but with the appropriate r l  and 
3 2 .  

By taking 

(24) 

we get 

Again we obtain the usual commutation relations, and we can show that (12)  also 

In order to expand the product 
holds in this case. 

we invert the adjoints of ( 2 5 )  and (26) to get 

J u l  B ’ + J a 2  b+ + - . \ / C C ~  B+ b+ 
(a ,  +a2)l’2 . a: = a2 - 

( U 1  

Substitute LIT and U: from (28) into (27), and use the binomial expansion to get 

4,~J.l X l ) + m ( J a 2  ~ 2 )  = (a1 +a2)- (m+n)’2  C mm 

t This notation differs from the one used in 5 2, where a was defined as (Mwlh) ’  



Harmonic oscillator wavefunction products 245 

A translation of x 2  by K will induce a translation of r by - K ,  and R by 
cc2K/al + a 2 .  We finally arrive at 

+,(,/al x , ) + , { J a ,  (x2 + K ) }  = (a,  +a2)- (m+n)i2C'"  

aR and U, are defined in (24), C"" and DY; in (18) and (19). 
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